
F O R M A T I O N  OF AN I C E  L A Y E R  OF G I V E N  

T H I C K N E S S  BY A C C U M U L A T I O N  OF A L I Q U I D  

ON A C O O L E D - C Y L I N D R I C A L  S U R F A C E  

P .  P .  Y u s h k o v  a n d  V .  13. R z h e v s k a y a  UDC 536. 421.4 

An approximate solution is given to the problem of accumulation of a liquid on a cyl indrical  
surface,  taking into account thermal  res is t iv i ty .  Pa r t i cu la r  cases  are  considered.  

In the accumulation of a liquid on ah igh ly -coo led -cy l ind r i ca l su r face ,  the problem ar i ses  of de ter -  
mining the formation time for  a f rozen layer  of a given thickness.  One meets with such problems,  for  ex- 
ample, in the food industry in the operation of genera tors  of squamate ice.  

In this case,  allowance for  the influence of the thermal  res is t iv i ty  of the mater ia l  of the cyl indrical  
wall of the cooler  and its construct ional  dimensions turn out to be very  significant.  

Mathematically,  the problem amounts to the solution of the equations 
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Fig.  I. Format ion  of an 
ice layer  on a cyIindrical  
sur face .  
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and with given initial conditions 

Thus, we consider  the problem with a f i r s t - o r d e r  boundary condition 
on the inner surface and a t h i rd -o rde r  boundary condition on the outer su r -  
face.  

It is impossible to find an exact  analytical  solution of the problem.  
Many varied approximate methods exist  for the solution of such moving 
boundary problems.  They are  part ial ly enumerated in the interest ing 
ar t ic le  by A. M. Makarov [1]. In the present  work, a pract ical  method 
of solution is offered which is based on the replacement  of the true tem-  
perature  curves by their s imples t  analogs:  Such approximation is accepted 
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in m a n y  w o r k s .  In p a r t i c u l a r ,  L .  S.  L e i b e n z o n  [2] u s e d  th is  m e t h o d  in h is  thorough  i n v e s t i g a t i o n s .  

We wi l l  a s s u m e  the t e m p e r a t u r e  in  both i n t e r v a l s  ( r  0, r 0 + R) and  ( r  0 + R,  r 0 + R + ~) to be  in a c c o r -  
dance  with the  l aws  which  a r e  ob t a ined  in a s t e a d y - s t a t e  d i s t r i b u t i o n  in a c y l i n d r i c a l  w a l l ,  n a m e l y ,  in the 

f o r m  

t 1 = C 1 In r q- C 2 and t = C 3 In r + C 4. 

U s i n g  the cond i t ions  in (5), (3) and  (7), we f ind  the va lue  of the c o n s t a n t s  C i ( i  = 1, 2, 3, 4) and  then 
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We find the value T from the conjugation condition (4) after differentiating (8) and (9) 
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Th i s  equa t ion  is u s e f u l  in i t s e l f ,  s i n c e  i t  a l l o w s  a p p r o x i m a t e  e s t i m a t i o n  of the t e m p e r a t u r e  T a t  the phase  
i n t e r f a c e  as  a func t ion  of the t h i c k n e s s  of the ice  l a y e r  ~ which  has  been  f o r m e d .  

S u b s t i t u t i n g  (9) in to  (6), wi th  a l l o w a n c e  fo r  (10), we ob ta in ,  a f t e r  the obvious  t r a n s f o r m a t i o n s ,  an  
o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n  wi th  s e p a r a b l e  v a r i a b l e s  (with t c r  = 0): 
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whence  
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w h e r e  
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S ince  the i n t e g r a l  in (11) canno t  be e x p r e s s e d  in t e r m s  of e l e m e n t a r y  func t ions ,  then,  u s i n g  the 
s m a l l n e s s  of the va lue  

--~] 
r 0 +  R 

and Changing the i n t e g r a n d  to the  f o r m  

In(1 --  ~1)-- B 
A ' 

I n ( l +  ~]) + B - - - -  
1 ---- ~1 

we e x p a n d  the n u m e r a t o r  and  d e n o m i n a t o r  of the l a s t  e x p r e s s i o n  into p o w e r  s e r i e s .  
t i e n t  f r o m  d i v i s i o n  of the s e r i e s  in the f o r m  of a s e r i e s  wi th  u n d e t e r m i n e d  c o e f f i c i e n t s  

a o + al~] + a2~t ~ + aa~f q- . . . .  

(13) 

Designating the quo- 

(14) 

we ob t a in  the i d e n t i t y  
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[ C ) t B + ~l-- ~ -  + -~-  . . . . .  (B- -A)  + (1 + A)~]-- ~ + A ~l u -b . . .  (ao+al~+adl ~ _u aa~t3+..) ,  

f r o m  which,  c o m p a r i n g  the coef f ic ien ts  of  iden t ica l  powers  of ~, we find the i n t e r e s t i ng  n u m b e r s  

B A(I +B) 
a~ B- -A ' al (B--A) 2 ' 

Integrating the ser ies  (14), we will find from Eq. (11) 
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F o r  p r a c t i c a l  ca l cu la t ions ,  as  a r e s u l t  of the s m a l l n e s s  of  ~ it  is adequate  to l im i t  onese l f  to two 
t e r m s  of the s e r i e s  (15); we then obtain the f inal  s t a n d a r d  work ing  equat ion  

.~= ?P [ B ~ A(1 + B )  ~2]. (16) 
at e B - -  A 2 (B - -  A) ~ (r o 4- R) 

One can  gene ra l i z e  the l a s t  equa t ion  s o m e w h a t  to the case  of a t h i r d - o r d e r  b o u n d a r y  condi t ion on the 
inner  s u r f a c e  of a c y l i n d r i c a l  d r u m  ( i . e . ,  with r = r0). However ,  in the m a j o r i t y  of c a s e s  the h e a t - t r a n s f e r  
coef f ic ien t  fo r  the m e d i u m  occupy ing  the i n t e r i o r  of the d r u m  (the coolant)  is so  l a rge  that  it is ha rd ly  ad -  
v isable  to c o m p l i c a t e  an a p p r o x i m a t e  equat ion  (16) whose  conven ience  fo r  eng inee r ing  ca lcu la t ions  t ies  in 
its s imp l i c i t y .  

F r o m  Eq .  (16) i t  is poss ib le  to obtain  a n u m b e r  of p a r t i c u l a r  c a s e s :  

1.  If  the th ickness  of  the d r u m  wall  is not  taken into account ,  i t  fol lows that  R = 0; then B = 0 and 

~ = - -  2Z,t-~ (17) 

2. K we let  r 0 a p p r o a c h  inf ini ty,  then, by  p a s s a g e  to the l imit ,  we wil l  obtain  a p p r o p r i a t e  equat ions  
fo r  a plate  of th ickness  R ins tead  of equat ions  f o r  a cy l i nd r i ca l  wal l .  He re  

B - -  A )~tt0 ~ 1 + - - ,  
B atcR 

A (1 + B) x~atoto 
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and ins tead  of  (16) we wil l  have 

R toX~ ] 
~=~P - ~lto4. at~ R ~ - -  2~(~l to+atr  ~" ~ , (18) 

which  is r e ad i l y  found a l s o  f r o m  the equa t ion  

~ ' ~ P  [~ ~'t~ I n ( l +  atc~'~ ~1 
ate tzt~ ~ (ate R _+_ ;~,to) j j ,  (19) 

obta ined  in [3] if we expand the l o g a r i t h m  into a s e r i e s  and l imi t  o u r s e l v e s  to only its f i r s t  two t e r m s .  Le t  
us  note ,  inc identa l ly ,  tha t  it is p r e f e r a b l e  to use  Eq .  (18) r a t h e r  than (19), s ince  we thus avoid  the s u b t r a c -  
t ion  of  n e a r  n u m b e r s .  

3.  If we d i s r e g a r d  the th ickness  of the pla te ,  then,  ins tead  of (18), we obtain an equa t ion  co inc ident  
with (17): 

T ----- - -  ?---9--9 ~". (20) 
2)~t 0 

Thus ,  with t h i r d - o r d e r  a c c u r a c y  of  s m a l l n e s s  in r e g a r d  to the th ickness  of the f r o z e n  l a y e r  ~, if the 
th ickness  of the me ta l  wal l  R is not  taken into cons ide ra t i on ,  the equat ions  fo r  a f la t  wal l  and a cy l ind r i ca l  
one co inc ide .  If t h e r m a l  r e s i s t i v i t y  is taken into account ,  the f o r m a t i o n  t ime fo r  an  ice l a y e r  on a cy l i n -  
d r i c a l  wal l  wil l  d i f fer  f r o m  that  of an  ice l a y e r  on a f lat  wall ;  m o r e o v e r ,  the s m a l l e r  the rad ius  of the c y -  
l inder ,  the g r e a t e r  this d i f fe rence  wil l  be .  
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The numer ica l  values obtained according to the approximate equations (16) and (18) agree well with 
experimental  resul ts ;  this was verif ied in a se r ies  of exper iments .  The influence of wall thickness and 
the thermal  conductivity of the wall mater ia l  on the format ion time of the ice layer  T and on the value 
proved to be especial ly significant.  It is possible to a s se s s  this according to the equations derived.  

NOTATION 

T, is the time; t, is the ice temperature; tl, is the wall temperature; T is the phase-interface tem- 
perature; tc, is the temperature of the liquid undergoing freezing; tcr, is the cryoscopic temperature; 
h(~i), is the thermal conductivity coefficient of the ice (wall); c (ci), is the specific heat of the ice (wall); 
7(Ti), is the ice (wall) density; ~, is the heat transfer coefficient; p, is the specific heat of ice formation. 

i. 

2. 
3. 
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